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Abstract. In the description of cosmic ray transport based on a diffusion-convection equa-
tion, the spatial diffusion of energetic particles, in general, has to be treated by employing a
tensorial quantity, i.e. using different diffusion strengths along and perpendicular to the mag-
netic field, respectively. This leads to results for the distribution function of these particles
which are different from those obtained with just a scalar diffusion coefficient, i.e. isotropic
diffusion. Since the sources of cosmic rays are supposedly mainly supernova remnants dis-
tributed along the spiral arms of the galaxy, our solar system experiences different levels of
cosmic ray intensities along its way around the galactic center. The actual azimuthal struc-
ture of the distribution then depends critically on the diffusion model and the employed
magnetic field model. The resulting variations are, apart from their general astrophysical
scope, also of interest in the context of (very) long-term climatology.
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1. Introduction

During its orbit around the galactic center, the
solar system experiences varying conditions
of its surrounding interstellar medium (ISM).
On the timescale of hundreds of millions of
years, the sun and the earth leave and enter the
galactic spiral arms and may thus be subject
to variations in the cosmic ray (CR) flux with
about the same frequency. This is mainly due
to the most probable sources of CRs, i.e. su-
pernova remnants, being much more common
inside the arms, than in the interarm regions.
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A possible connection between long-term cli-
mate variations and the associated spiral arm
passages has been proposed by Shaviv (2002).
To evaluate this connection and improve our
understanding of CR fluxes during the history
of our solar system, accurate models for the
CR transport and its resulting azimuthal vari-
ation in the galaxy are needed. The description
of CR transport is usually done by invoking a
diffusion-convection equation for the particle
distribution function f (r, p, t) of the following
form:

∂ f
∂t

= ∇ · (κ̂∇ f ) + paπ
∂ f
∂p

+ 3aπ f +
q
p2 (1)
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see e.g. the review by Strong et al. (2007).
Here r and p describe the location in space
and (isotropic) momentum, respectivly. aπ de-
notes the energy loss processes due to pion
production, which in this case is assumed to
be linear in momentum for protons in the en-
ergy range between 1 − 100 GeV (Mannheim
& Schlickeiser, 1994). A possible contribu-
tion from a galactic wind has been neglected
so far in our model, but could be included in
further studies without major complications.
An estimate from simple 1-D galactic wind
models (e.g. Zirakashvili et al., 1996) shows
that the influence of adiabatic losses from such
a wind is at most of the order of the pion
losses. The notation κ̂ indicates that the diffu-
sion part of the equation, in general, has to be
described by a tensor, i.e. a 3x3 matrix for the
spatial diffusion. The need to distinguish be-
tween a diffusion parallel and a different dif-
fusion perpendicular to the magnetic field is a
long standing paradigm in the description of
heliospheric CR transport (see e.g. Fichtner,
2005). There are, however, strong indications
that anisotropic diffusion is also of significance
to galactic propagation, both from numerical
experiments (concerining the galactic dynamo,
see e.g. Hanasz et al., 2009) and from ba-
sic theory (Shalchi et al., 2010). Both studies
claim that there is at least an anisotropy of a
factor of ten, i.e the perpendicular diffusion co-
efficient κ⊥ is equal to 0.1 times the parallel
diffusion coefficient κ‖. In the following, the
specific assumptions of our model regarding
the sources of CRs and the diffusion tensor are
briefly outlined. A short description of the nu-
merical solution method to the transport equa-
tion with stochastical differential equations is
given. Finally, the results are presented and
some conclusions are drawn.

2. The model and method of solution

2.1. Source distribution

We assume a source distribution which fol-
lows the galactic spiral arm model established
by Vallée (2002), which consists of four log-
arithmic and symmetric arms (see Fig. 1 for
an illustration). Around these, we take a gaus-
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Fig. 1. Orientation of the spiral arms in the galaxy,
constituting the CR sources. The dashed line shows
the sun’s orbit across the spiral arms and the dia-
monds indicate the positions, at which the CR spec-
tra in Fig. 2 are calculated.

sian shape in galactic cylindrical coordinates
[r, φ, z] (analogous to the approach in Shaviv,
2003) to yield an analytic expression for the
source term q, by summing up over all four
arms (n ∈ {1,2,3,4}):

qn = p−s exp
(
− (r − rn)2

2σ2
r
− z2

2σ2
z

)
(2)

with rn = r0 exp(k(φ + φn)). φn introduces the
symmetric rotation of each arm by 90◦, i.e.
φn = (n − 1)π/2. k = cosψ with ψ = 12◦
is the constant pitch-angle cosine of the spiral
arms. We take σr = σz = 0.2 kpc to have a
reasonable interarm separation, while r0 = 2.3
kpc according to Vallée’s model. The spectral
index s of the sources’ power law injection in
momentum is set to s = 2.1 and the galaxy has
a radius of 15 kpc and a height of 4 kpc, all
similar to Büsching & Potgieter (2008).

2.2. Diffusion tensor and magnetic field

The diffusion tensor is constructed from the as-
sumption that it is diagonal in a frame of ref-
erence which is aligned to the magnetic field.
This “local” tensor

κ̂L =


κ⊥1 0 0
0 κ⊥2 0
0 0 κ‖

 (3)

is then transformed to the global frame, in
which the magnetic field is expressed, by a ma-
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Fig. 2. Proton spectra for different positions along the sun’s orbit (see Fig. 1 for a sketch of the respective
locations). The left panel shows the results for isotropic diffusion, i.e. κ⊥ = κ‖ while the right panel shows
results from a similar calculation but with anisotropic diffusion, i.e. κ⊥ = 0.1κ‖. The results for anisotropic
diffusion were renormalized with a relative factor of 0.154 to compensate for the higher total flux due to
the stronger confinement of CRs in the disk. The dash-dotted line indicates the Local Interstellar Spectrum
(LIS) from Reinecke et al. (1993) for comparison.

trix A with the usual matrix transformation rule
κ̂ = Aκ̂LAT . The columns of the transforma-
tion matrix A consist of the three unit vectors of
the local frame, expressed in the global frame.
For the simple case of a magnetic spiral field,
which is aligned to the spiral arm structure and
which has no z-component, the unit-vectors are
e1 = ez × t, e2 = ez, e3 = t. Here, t = B

|B| is
the tangential unit vector of the magnetic field,
for which we make the ansatz:

B = (sinψ er + cosψ eφ)
1
r

exp
(
− z2

2σ2
z

)
(4)

The diffusion coefficient κ‖ is taken to have
the same broken power law dependence as
the scalar diffusion coefficient in Büsching &
Potgieter (2008), namely:

κ‖ = κ0

(
p
p0

)α
(5)

with α = 0.6 for p > p0, α = −0.48 for p ≤ p0,
κ0 = 0.027 kpc2/Myr and p0 = 4 GeV/c. This
general form of the diffusion coefficient has re-
cently been motivated from basic theory, see
Shalchi & Büsching (2010). For the perpendic-
ular diffusion coefficients, we take κ⊥1 = κ⊥2 =
0.1κ‖, which is a reasonable upper limit value
in the energy range of 1− 100 GeV (see Fig. 7
in Shalchi et al., 2010).

2.3. The Method of Stochastical
Differential Equations

The transport equation (1) is solved by apply-
ing a pseudo-particle tracing numerical method
to an equivalent system of stochastic differ-
ential equations (SDEs) of the general form
(Gardiner, 1994):

dxi = Ai(xi)ds +
∑

j

Bi j(xi)dWi (6)

We employ the time-backward Markov
stochastic process, meaning that we trace back
the pseudo-particles (representing phase space
volumes) from a given phase-space point of
interest, until they hit the integration boundary.
For a general overview on the application of
this method to CR propagation see Zhang
(1999) and Farahat et al. (2008). The details of
the actual numerical code applied in our case
are discussed to some extent in Strauss et al.
(2011) although the development of the code
is still ongoing, especially in the application
to galactic problems. Generally speaking, this
method enables us to calculate every phase
space point we are interested in, just by tracing
back enough pseudo-particles, without any
major restrictions due to numerical stability
or memory issues, arising e.g. from high
dimensionality.
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3. Results

We calculated proton spectra and orbital flux
variations for two parameter sets, differing
only in the diffusion model, to evaluate the in-
fluence of anisotropic diffusion. The first one
takes just the parallel diffusion coefficient de-
scribed in section 2.2 for a scalar diffusion
model. This is equivalent to setting κ⊥1 =
κ⊥2 = κ‖. The second case takes the above de-
scribed anisotropic diffusion into account. The
left panel of Fig. 2 shows the resulting pro-
ton spectra at different positions of the sun for
isotropic diffusion. On can clearly see that they
differ independently from energy and only by
a small amount. For the anisotropic case in
the right panel, however, these differences are
much more pronounced and also energy depen-
dent. They are largest for the middle to low
energy range around a few GeV. This effect
can be seen even more clearly in Fig. 3, where
the orbital variation is plotted for 1 and 100
GeV. For the lower energy, the variation in the
anisotropic case is more than 30% larger than
for isotropic diffusion, while for the higher en-
ergies, this effect is much smaller, although
still present. Note as well that the average to-
tal flux is much higher in the anisotropic case
(which can be seen in the different normal-
ization of both spectra), due to the stronger
confinement in the disk, resulting from the
lower perpendicular diffusion of κ⊥2 in the z-
direction.

4. Conclusions

We calculated proton spectra for the
anisotropic spatial diffusion of CRs in the
galaxy. The spectral shape is in general
agreement with the expected values from
observation. The results show a significant
enhancement of orbital flux variation for the
solar orbit in the energy range of 1-10 GeV
in comparison to a model of scalar diffusion.
Thus, our results indicate that anisotropic
diffusion is of importance for galactic CR
propagation and might amplify climatic effects
in the context of the proposed CR-climate
connection.
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Fig. 3. Variation of the proton intensity along the
sun’s orbit at r = 7.2 kpc plotted against galactic
longitude (see Fig. 1 for the orientation). The solid
line shows 1 GeV protons for the case of isotropic
diffusion while the dashed line is for anisotropic
diffusion (same calculations as in Fig. 2). The dot-
ted (isotropic) and dotted-dashed (anisotropic) lines
show the same difference but for 100 GeV protons.
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Büsching, I. & Potgieter, M. S. 2008, Adv.
Space Res., 42, 504

Farahat, A. et al. 2008, ApJ, 681, 1334
Fichtner, H. 2005, Adv. Space Res., 35, 512
Gardiner, C. W. 1994, Stochastic Methods, ed.

Germany, Berlin: Springer
Hanasz, M. et al. 2009, A&A, 498, 335
Mannheim, K. & Schlickeiser, R. 1994, A&A,

286, 983
Reinecke, J. P. L., Moraal, H., & McDonald,

F. B. 1993, J. Geophys. Res., 98, 9417
Shalchi, A. & Büsching, I. 2010, ApJ, 725,

2110
Shalchi, A. et al. 2010, ApJ, 725, 2117
Shaviv, N. J. 2002, Phys. Rev. Lett., 89,

051102
Shaviv, N. J. 2003, New Astronomy, 8, 39
Strauss, R. D. et al. 2011, ApJ, 735, 83



F. Effenberger et al.: Anisotropic diffusion 871

Strong, A. W., Moskalenko, I. V., & Ptuskin,
V. S. 2007, Ann. Rev. of Nuc. and Part. Sci.,
57, 285

Vallée, J. P. 2002, ApJ, 566, 261
Zhang, M. 1999, ApJ, 513, 409
Zirakashvili, V. N. et al. 1996, A&A, 311, 113


	Introduction
	The model and method of solution
	Source distribution
	Diffusion tensor and magnetic field
	The Method of Stochastical Differential Equations

	Results
	Conclusions

